By applying the derivative operators to Chu-Vandermonde convolution, several general harmonic number identities are established.
Introduction
For l ∈ N and n ∈ N 0 , define the generalized harmonic numbers by There exist many elegant identities involving harmonic numbers. They can be found in the papers [2] [3] [4] [5] 7, 8, 10, 11, 13] . For two differentiable functions f (x) and g(x, y), define, respectively, the derivative operator D x and D Then it is not difficult to show the following two derivatives:
where s, t, u, v ∈ N 0 with t ≤ s and v ≤ u.
There are numerous binomial identities in the literature. Thereinto, Chu-Vandermonde convolution (cf. [1, p. 67]) can be stated as follows:
By applying the derivative operators D x and D 2 xy to (1), several general harmonic number identities will be established in the next section.
Harmonic number identities

2.1.
Performing the replacements x → −p − 1 − x, y → −q − 1 − y for (1) with p, q ∈ N 0 , we achieve the binomial sum:
Applying the derivative operator D x to (2) and then letting y = 0, we have
When p = q = 0, (3) reduces to the known result (cf. [4, Equation (2.1)]):
The method, which is used to deduce (4), can be further utilized to derive equations with the factor k m , where m ≥ 2. Considering that the general resulting identities will become complicated, we shall only recover the two known results (cf.
Savio et al. [9] have attained several results similar to (5) . One of them can be expressed as follows:
Applying the derivative operator D 2 xy to (2) and using (3), we establish the theorem.
Theorem 1 For p, q ∈ N 0 , there holds the harmonic number identity:
When p = q = 0, Theorem 1 reduces to the identity:
Employing the substitutions p → p + 1, k → k − 1, n → n − 1 for Theorem 1, we obtain the theorem.
Theorem 2 For p, q ∈ N 0 , there holds the harmonic number identity:
When p = q = 0, Theorem 2 reduces to the identity:
Furthermore, we can deduce the following two identities:
2.2.
Performing the replacements x → p + n + x, y → q + n + y for (1) with p, q ∈ N 0 , we obtain the binomial sum:
Applying the derivative operator D y to (6) and then letting x = 0, we have
which is a special case of [5, Theorem 1.5] .
Applying the derivative operator D 2 xy to (6) and using (7), we establish the theorem.
Theorem 3 For p, q ∈ N 0 , there holds the harmonic number identity:
When p = q = 0, Theorem 3 reduces to the known result due to Chen and Chu [3, Example 3] :
Employing the substitutions q → q + 1, k → k − 1, n → n − 1 for Theorem 3, we obtain the theorem.
Theorem 4 For p, q ∈ N 0 , there holds the harmonic number identity:
When p = q = 0, Theorem 4 reduces to the identity:
Chu and Donno [6] have gained several more complex results of this type. One of them can be stated as follows:
Furthermore, we can derive the following two identities:
2.3.
Performing the replacements x → −p − 1 − x, y → q + n + y for (1) with p, q ∈ N 0 , we obtain the binomial sum:
Applying the derivative operator D x to (8) and then letting y = 0, we have
where
Applying the derivative operator D y to (8) and then letting x = 0, we have 
